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Current interest in the behavior of Heisenberg alternating antiferromagnetic quantum 
chains has been stimulated by the discovery of an unusual class of magnetoelastic spin-
Peierls systems. Copper nitrate, Cu(N03}i·2.5H20, does not display a spin-Peierls transi-
tion, but its dominant magnetic behavior is that of a strongly alternating antiferromagnetic 
chain with temperature-independent alternation. A remarkable, simultaneous fit is demon-
strated between theoretical studies and a wide variety of zero- (low-) field experimental mea-
surements, including susceptibility, magnetization, and specific heat. The fitting parameters 
are a (degree of alternation)=0.27, J 1/k=2.58 K, gb =2.31, and g1 =2.11. Slight systemat-
ic discrepancies are attributed to weak interchain coupling. Theoretical studies also predict 
a rich variety of behavior in high fields, particularly in the region involving the lower and 
upper critical fields, Hc1 =28 kOe and Hc2 =44 kOe. Experimental specific-heat measure-
ments at H=28.2 and 35.7 kOe show quantitative agreement with theory in this interesting 
parameter region. The fitting parameters are the same as for zero field and, again, small 
discrepancies between theory and experiment may be attributed to interchain coupling. The 
exceptional magnetic characterization of copper nitrate suggests its use for further experi-
mental study in the vicinity of the high-field ordering region. 
I. INTRODUCTION 
N/2_. - -+ -+ 
H=-2J1 ~(S21-1·S21+aSu·S21+1l, 
1=1 
(2) 
Alternating linear magnetic chains have lately 
been the subject of increasing interest. Originally 
studied primarily by physical chemists for their rela-
tion to organic free radicals and spin-exciton 
theory, 1 they have more recently aroused interest 
among physicists in connection with spin-Peierls 
theory.2 Coordination chemists are currently in-
terested in homologous families of alternating-chain 
systems because of information they may provide on 
variation of exchange constant with bond length, 
bond angle, and possibly other factors.3•4 
The Hamiltonian for an alternating Heisenberg 
linear chain may be written 
N/2 - - - ~ H = -2 ~(J1Su-1 ·S2;+J2S2;·S2;+1l , (1) 
i=I 
representing a chain where pairs of spins are alter-
nately coupled by strong and weak bonds. Introduc-
ing an alternation parameter a, Eq. (1) may con-
veniently be written 
where a =J 2 I J 1• When a = 1, the familiar Heisen-
berg linear chain is obtained (hence we call a = 1 the 
uniform limit), whereas when a =0 the system 
breaks up into an assembly of noninteracting spin 
pairs or dimers. All known experimental 
alternating-chain systems have isotropic (Heisen-
berg) spin symmetry, a spin value of one-half, and 
dominant antiferromagnetic interactions, i.e., 
J1 =-I J1 I· Cu(N03)2·2.5H20, which we shall 
refer to simply as "copper nitrate," was the first 
inorganic alternating-chain system to be investigated 
experimentally, and is at present the best character-
ized. Cu(N03)2·2.5H20 is a strongly alternating (or 
dimerized) system, with a-0.3. Other alternating 
systems span the alternation range and include a 
number of organic free radicals 1 as well as the 
copper compounds copper bromide N-
methylimidazole [Cu(NMl)2Br2, a -0.4 (Ref. 4)], 
copper chloride N-methylpyridine [Cu(4MP)zC12, 
a -0. 7], catena-hexanonebis (thiosemicarbazato) 
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copper (II) [Cu-HTS, a -0.9 (Ref. 3)], and catena-
octanedionebis (thiosemicarbazato) copper (II) [Cu-
OTS, a -0. 9 (Ref. 3)]. 
Spin-Peierls systems are rather different. Above 
the spin-Peierls transition ( Tspl they behave as an 
assembly of uniform Heisenberg chains. Below the 
(second-order) Tsp• progressive spin-lattice dimeriza-
tion distortion effectively gives rise to an assembly 
of alternating chains such that the degree of alterna-
tion a is temperature dependent. a increases from 
zero at Tsp to a value of amax as T decreases to zero, 
where for all known systems, a max ~o. 7. 
The unusual properties of copper nitrate were first 
observed at Carnegie-Mellon University in a series 
of susceptibility,5 magnetization,6 and specific-heat7 
studies on both powder and single-crystal samples in 
low fields. Other early work included x-ray stud-
. 8 9 10 1es, • proton resonance, and magnetocaloric mea-
surements. 11 Alternating-chain character in copper 
nitrate is not obvious from its x-ray structural 
analysis alone and was established from various 
pieces of evidence. That character has only recently 
been confirmed fairly directly by neutron scattering 
techniques. 12 Early magnetic studies indicated that 
a model of noninteracting spin-pairs (dimers) gave a 
good first approximation to the properties of this 
substance. 5- 7 However, systematic discrepancies 
between theory and experiment of about 5 % 
remained, for example, in the height of the specific-
heat maximum.13 Similarly the magnetization iso-
therms cannot be fitted to better than about 5% 
(Ref. 6) with the dimer model. A weak antifer-
romagnetic interdimer mean-field interaction con-
siderably improved the fit to the magnetization data, 
thus establishing the importance of interdimer cou-
pling. 6 A mean-field interaction of this type does 
not, however, remove the zero-field specific-heat 
discrepancy.14•15 Crystal structure determinations8•9 
suggested two possible interdimer coupling schemes, 
both essentially one-dimensional in nature.15· 16 In 
the first model the dimers are linked into zig-zag al-
ternating chains, and in the second model the dimers 
form the "rungs" of a ladder, the weaker interdimer 
interactions forming the long sides of the ladder 
(ladder model). X-band EPR measurements con-
firmed the plausibility of these two models.17 Ac-
cordingly, exact finite-cluster calculations were per-
formed, primarily on alternating chains and ladder 
models of four and six spins, and the results fitted to 
the available zero- and low-field data.15 An excel-
lent, simultaneous fit was obtained for all data using 
a set of J and g values consistent with independent 
experimental determinations. This indicates the 
basic validity of the one-dimensional (lD) models 
and was made possible by the rapid convergence of 
the calculations in zero field. In fact a six-spin clus-
ter is very close to the corresponding model in the 
thermodynamic limit. What these finite-cluster 
studies did not do was distinguish between alternat-
ing chain and ladder models. 
Magnetic, thermal, and proton resonance studies 
at the Kamerlingh Onnes Laboratorium by van Tol 
et al. 18- 22 and Haseda et al. in Kyoto and Osa-
ka23·24 were subsequently extended by Diederix and 
co-workers.25 - 30 By a careful analysis of the angu-
lar dependence of the proton resonance splitting, 
Diederix et al. 28 concluded that the ladder model 
could be unambiguously ruled out, whereas good 
agreement between observed and calculated 
alternating-chain curves was obtained. However, an 
uncertainty remained as to whether the alternating 
pathways occurred in the a-c or a-b planes. This 
ambiguity was finally resolved by neutron scattering 
studies on deuterated copper nitrate12 which con-
firmed the correctness of the alternating-chain 
description and, further, established the dominant 
alternating pathway to lie in the a-c plane. Diederix 
et al. also proposed28 two weak interchain interac-
tions, one of which tends to link adjacent chains 
within the a-c plane into two-dimensional (2D) 
sheets while the other, along the b direction, leads to 
a coupled three-dimensional (3D) array. They con-
cluded that exchange coupling along the b axis was 
ferromagnetic but could not determine the sign of 
interchain interaction in the a-c plane. The neutron 
scattering studies 12 of the ordered structure confirm 
that the b-axis coupling is ferromagnetic and show 
that interaction between chains in the a-c plane is of 
antiferromagnetic sign. 
Interchain coupling leads to the establishment of 
long-range order in copper nitrate at nonzero tem-
perature only in a nonzero applied magnetic field. 
Such ordering has been observed below -0.17 K, 
with a field along the b axis, by several methods in-
cluding proton resonance, specific-heat, magneto-
caloric, and neutron scattering studies. The transi-
tion temperature is strongly field dependent and is 
nonzero only for fields between - 28 and 44 kOe. 
The ordered phase is quite unusual. It is analogous 
to the spin-flop phase of a weakly anisotropic uniax-
ial antiferromagnet in that the spins tend to align 
antiferromagnetically in the a-c plane if the field is 
applied in the b direction. An important step in the 
experimental study of field-induced spin ordering in 
copper nitrate was the observation of unusual mag-
netocaloric behavior above - 0.18 K by Amaya 
et al. 11•31 These results stimulated theoretical stud-
l·es32,33,34 f l d . . f o ong-range or enng m systems o 
exchange-coupled ion pairs with interpair interac-
tions and were initially thought to exemplify such 
behavior. It was soon pointed out,15 however, that 
the dominant interpair interactions in 
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Cu(N03 )2 ·2.5H20 probably created ID arrays of 
pairs in which short-range order would be pro-
nounced well above the temperature at which weak-
er interchain coupling would produce long-range or-
der. It was also noted that the results of Amaya 
et al. could be explained by such short-ran~e order 
alone. Numerous subsequent theoretical35 - 7• 16 and 
experimental18•19•22•27 - 29 investigations have con-
firmed these conclusions. However, the interesting 
magnetic cooling behavior of Cu(N03 )2·2.5H20 is 
not our present concern and will not be discussed 
further here. 
The small-cluster studies stimulated exact finite-
chain calculations of N =2, 4, 6, 8, 10, and I2 
spins.29•38 Convergence properties were good 
enough to allow extrapolation to the thermodynamic 
limit over a field range of zero to about SO kOe. In 
Secs. III and IV of this paper zero- and high-field 
data, respectively, will be analyzed in terms of an al-
ternating chain with a =0.27. This agrees with the 
a value deduced by Diederix et al. from high-field 
measurements only. In all cases remarkable agree-
ment is obtained between theory and experiment, 
residual discrepancies being primarily attributable to 
neglect of interchain coupling. The theoretical as-
pects of alternating-chain systems will be discussed 
in Sec. II, and Sec. V will be a review of the signifi-
cance of the present results; future experimental and 
theoretical investigations on this interesting system 
are outlined in Sec. IV. 
II. THEORETICAL PROPERTIES 
OF ALTERNATING CHAINS 
Until recently ID systems with lattice (bond) al-
ternation have been less intensively studied than the 
corresponding uniform systems or spin-anisotropic 
systems. The Heisenberg alternating, spin-+, anti-
ferromagnetic chain has some interesting properties 
that might not, initially, be expected. 
The first unusual feature is that the powerful ana-
lytic technique based on the Bethe ansatz which 
solves the general, anisotropic uniform-exchange 
quantum spin chain, fails for the Heisenberg alter-
nating spin chain. Hence theoretical treatments to 
date have all been approximate, the most reliable be-
ing extrapolation techniques based on exact calcula-
tions on finite chains of 2, 4, 6, 8, and 10 spins by 
gµBHc 2 =2J10+a) (exact), 
for the Ising-Heisenberg AFM: 
gµBHc 2 =2J(l +r> (exact) , 
for the Ising-Heisenberg AFM: 
Duffy and Barr. 39 The approach has recently been 
extended to include chains of I 2 spins, and to a 
more extensive range of alternation (a) values, par-
ticularly near the uniform limit. 38 
The extended calculations38 show, rather con-
clusively, that an excitation energy gap exists be-
tween a nondegenerate singlet ground state and a 
continuum of excited triplet states (as predicted by 
spin-exciton theory1). Duffy and Barr concluded 
from their calculations that this gap extends from 
the dimer limit (a =O) to a -0.5 or 0.6, but they 
did not care to commit themselves for higher a 
values. The more recent demonstration of the ex-
istence of a gap for all nonzero alternation has 
caused some surprise40 since intuition suggests that a 
gapless "acoustic" mode should always be present in 
the case of the Heisenberg Hamiltonian because of 
the complete rotational symmetry in spin space. 
However, further investigation reveals that a gapless 
mode need not necessarily be present when the 
ground state is nondegenerate, as is the case here. It 
might be noted, however, that the ground state of 
the corresponding alternating Heisenberg ferromag-
net is N-fold degenerate and a gapless mode does 
indeed exist in this case for all nonzero alternation. 
The presence of an excitation energy gap gives 
rise to some qualitative similarities41 between an al-
ternating Heisenberg system and an anisotropic 
Ising-Heisenberg (easy-axis anisotropy) system 
which also has ~n energy gap for all nonzero aniso-
tropy, as is known rigorously.42 The Hamiltonian 
for this system is 
N 
H=2IJ I ~[sfsf+1+r(SiSi+1+sfsf+i>1, 
i =I (3) 
where r is a spin-anisotropy parameter which varies 
between y=O (Ising model) and r= I (Heisenberg 
model). The application of a magnetic field, i.e., in-
clusion of a Zeeman term (-gµBH~isf), depresses 
the excited levels relative to the ground state, elim-
inating the gap at a certain T =0 critical field, He . 
I 
At a higher T =0 field, He , the effect of the Zee-
2 
man term is to make the fully aligned ferro-type 
state the ground state, with a second energy gap 
opening up, proportional to the applied field, be-
tween spin-aligned ground state and other states. 
For ID systems the critical fields are as follows. 
For the alternating Heisenberg antiferromagnet (AFM): 
(4) 
(5) 
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_ J . h 00 ( - on 1TJ sinhp _ ~ 1 
gµBHc - 2 sm tf> n I:__ 00 coshn<f> 2¢> - n ~ 00 cosh! [(2n + 1)/2](1T2 /ef>)) ' (6) 
where coshef> = l /y, and for the alternating Heisenberg AFM: 
[ 3 2 1 3 ( 4)] gµBHc 1=J1 2-r-4a +16a +o a , 
where a =J2IJ1. 
This defines several field regions such that the func-
tional dependence on temperature of the thermo-
dynamic properties varies from region to region in a 
striking way. In the case of the specific heat, for ex-
ample, we have the following behavior: 
(a) 0-::;,H <Hc 1: Cn-T-312exp(-!!J.E1/kT), 
(8) 
where !!J.E 1(H) is the energy gap for 0-=:;,H <Hc1, 
(b) Hc2 <H: Cn-T-312exp(-!!J.E2/kT) , (9) 
(c)Hc 1 <H<Hc2 : Cn-A(H)T, (10) 
(d) H=Hc 1: Cn-B1T112 , (11) 
(e) H=Hc2 : Cn-B2T 112 . (12) 
This pattern of behavior holds for both alternating 
and spin-anisotropic systems. For the spin-
anisotropic system, some analytic results and nu-
merical results are available for the constants A and 
B.41 Only approximate spin-wave calculations are 
available for the alternating antiferromagnet. 
In regions (a) and (b) the susceptibility X goes ex-
ponentially to zero as T --+0 as 
T 112exp( -!!J.E 1,2 fkT) on account of the energy gap. 
In the continuum region (c), where Hc 1 <H <Hc2 , X 
tends to a constant nonzero value X0(H) as T--+0. 
Finally, at the special fields, Hc 1 and Hc2 , X diverges 
as T 112• A discussion, together with experimental 
results, is given in Diederix et al. 29 Clearly this fas-
cinating variety of behavior is worthy of experimen-
tal study, and some additional results are presented 
in Sec. IV. 
Of course, in real systems, we are not dealing with 
the ideal lD case, but must take account of weak in-
terchain interactions, i.e., deal with quasi-lD sys-
tems. One important difference between quasi-lD 
alternating Heisenberg antiferromagnets and quasi-
lD spin-anisotropic antiferromagnets lies in the 
T > 0 phase behavior. This is illustrated, schemati-
cally, in Figs. l(a) and l(b). Figure l(b) is nothing 
other than the quasi- lD version of the familiar 
H 11 - T phase diagram of a spin-flop antiferromag-
net. At low fields an ordered antiferromagnetic 
(7) 
phase is present, with a first-order transition to a 
spin-flop phase at higher fields, between T =0 criti-
cal fields Hc 1 and Hc2• A prominent feature of a 
quasi-ID spin-flop antiferromagnet is the pro-
nounced bicritical point B. 
For the quasi-ID alternating antiferromagnet of 
Fig. l(a), the phase diagram is strikingly different. 
The low-field ordered antiferromagnetic phase is ab-
sent, leaving only a spin-flop-type phase for 
Hc 1 <H <Hc2• Simple, approximate theoretical 
treatments, such as mean-field theory and spin-wave 
theory,42 indicate that the boundary of this isolated 
high-field phase should be of second order, in agree-
ment with existing experimental results to be dis-
cussed later. Since the alternating Heisenberg chain 
cannot be solved exactly, let alone the problem of in-
teracting alternating chains, the above phase 
T 
Quasi -1-D Alt. AFM System 
p ::::::: 
0 
(a) 
Quasi -1-D Spin-Flop AFM System 
T 
(b) 
FIG. 1. Schematic phase diagram for quasi-one-
dimensional antiferromagnets in applied magnetic fields: 
(a) weakly interacting alternating Heisenberg AFM chains 
and (b) weakly interacting, weakly anisotropic AFM 
chains with H 11 preferred spin axis. 
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beha~ior cannot be claimed to be rigorously correct. 
Nevertheless, the accumulated supporting evidence 
is strong, in which case we have the intriguing situa-
tion of a 3D system which shows no ordered phase 
behavior in zero field, but only in high fields. We 
might note that the well-known condition or test for 
the existence of an ordered phase in a given system 
due to Mermin and Wagner.44•45 applies only to zero 
field, and, used naively, would give misleading re-
sults for this system. · 
To lend support to the possibility of unusual 
phase behavior of the type adduced for weakly cou-
pled alternating antiferromagnetic chains, we note 
the existence of rigorously solvable models which 
show similar behavior in the sense of displaying 
phase transitions in nonzero applied field and not in 
zero field.46 - 48 Some feeling for the presence of an 
antiferromagnetic ordered phase in the anisotropic 
system and not in the alternating system, may come 
from the fact that the ground state of the ideal lD 
anisotropic system is ordered at T =0,49 - 51 whereas 
the ideal alternating antiferromagnetic chain has a 
nonordered nondegenerate singlet ground state. 52 
Although the dominant magnetic structure of 
copper nitrate is one of strongly alternating Heisen-
berg antiferromagnetic chains with weaker antifer-
romagnetic interchain coupling in two-dimensional 
layers, even weaker interlayer interactions, fer-
romagnetic in type, are present. (See discussion in 
Secs. I and IV.) This raises the interesting possibili-
ty that the weak, residual, but competing ferromag-
netic interactions may influence the nature of the 
high-field phase transition, at least at very low tem-
peratures. For example, the very-low-temperature 
portions of the phase boundary may become of first 
order, giving rise to a pair of tricritical points, or 
other novel phase behavior may occur. Existing ex-
perimental data, such as proton resonance results, do 
not reveal such features but may not have been car-
ried down to sufficiently low temperatures. 
Let us now return to a discussion of the theoreti-
cal properties of alternating chains in zero (or low) 
fields since this forms a major portion of the present 
study. The diagonalization and extrapolation pro-
cedures used to infer the behavior of the system in 
the thermodynamic limit from exact finite-chain 
calculations are rather well known.49•29•39 In the 
case of the specific heat, for example, the conver-
gence for finite periodic alternating systems (for 
a =0.3) is so rapid that the curves for N =8, 10, 
and 12 are indistinguishable, at least on the scale of 
Fig. 2. For a values as close as this to the dimer 
limit, rapid convergence is also the case for the sus-
ceptibility (not shown). By contrast, near the uni-
form limit, convergence is slow, as is shown in Fig. 
3 for the specific heat at a =0.8. We briefly men-
0.5 
0.4 
0.3 
0.2 
0.1 
AFM Heisenberg A It. Chains 
a= 0.3 
Rings 
0 o 0.5 1.0 1.5 
kT / IJ1I 
FIG. 2. Zero-field finite-chain specific-heat calcula-
tions (periodic boundary conditions) for AFM Heisenberg 
chains with large alternation. Curves for N =4, 6, 8, 10, 
and 12 are shown. Note the rapid convergence with N 
which makes the curves for N =8, 10 and 12 indistin-
guishable on the scale of this figure. 
tion that very recent work, which maps the alternat-
ing Heisenberg antiferromagnet into a 2D classical 
Ashkin-Teller or staggered eight-vertex model at 
marginal q-component dimensionality,53•54 gives us 
insight into this problem. The implication is that 
logarithmic correction terms will be present which 
will slow convergence near the uniform limit. 38 For-
tunately, this convergence problem is not relevant to 
a study of copper nitrate. 
At this point, the reader may be interested in a 
perspective of how the specific heat varies as a func-
tion of alternation in zero field. This is shown in 
Fig. 4 (which is an extended version of Fig. 10 of 
Ref. 39 using the new N = 12 data). The overall 
trend is that the maximum drops in magnitude and 
moves to higher temperatures. A corresponding 
display plot to Fig. 4 for the zero-field susceptibility 
has already been published in relation to spin-Peierls 
theory.55 Unfortunately, the rapid convergence for 
low a values in zero field does not extend to the 
anomalous field region where Hc 1 ::;H ::;Hc2, at 
least, not for low temperatures. This point is fur-
ther discussed in Sec. IV. 
The effect on the energy spectrum of alternating 
chains near the dimer limit of an applied field has 
been discussed by Diederix et al. 29 The ground state 
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0.5 
0.4 
0.3 
-"' 
z 
'-
u 
0.2 
0.1 
0.5 
AFM Heisenberg Alt. Chains 
a= 0.8 
Rings 
x Extrapolations to N = ro 
1.0 
kT/ IJti 
1.5 
FIG. 3. Zero-field finite-chain specific-heat calcula-
tions (periodic boundary conditions) for AFM Heisenberg 
alternating chains close to the uniform limit. Solid curves 
denote results for N =4, 6, 8, 10, and 12, and crosses 
represent extrapolations to the thermodynamic limit. 
Note that convergence near the uniform limit is much 
slower than convergence near the dimer light. 
remains a nondegenerate singlet,53 but the degen-
erate excited states (in the dimer limit) are split into 
a series of exciton bands by the interdimer interac-
tion. A fuller discussion of the details of the energy 
spectra of alternating chains for general alternation 
is given in Ref. 38. In the anomalous field region 
the levels again "bunch up" into a set of energy 
bands (see Fig. 1 of Ref. 29) leading to unusual 
behavior of, say, the specific heat. 
Finally, we conclude our theoretical survey of the 
properties of ideal and quasi-10 Heisenberg alter-
nating antiferromagnetic chains by considering the 
T =0 magnetization curves. They are shown in Fig. 
5 as a function of a.56- 58 For O<a<l, the two 
critical fields, Hc 1 and Hc2, denote the field values at 
which the magnetization (a) becomes nonzero and 
(b) saturates, respectively. Values for Hc 1 and Hc2 
have already been given as Eqs. (7) and (4). Hc 1 has 
the physical significance that it measures the excita-
tion energy gap between the singlet ground state and 
the band of lowest-lying excited (triplet) states. To 
numerical accuracy, the magnetization M depends 
on H 112 near Hc 1 and Hc2, giving rise to +-power 
divergences in the susceptibility. 
0.5 
0.4 
-"' 0.3 
z 
'-
u 
0.2 
0.1 
0.5 
O: = O (Dimer Limit) 
1.0 
kT/IJil 
1.5 
FIG. 4. Zero-field specific-heat curves extrapolated to 
the thermodynamic limit (N--+ oo ) for alternation values 
a =0, 0.2, 0.4, 0.6, 0.8, and 1.0. Curves for a* 1 show an 
exponential drop to zero, indicating the presence of an en-
ergy gap between the singlet ground state and continua of 
triplet excited states. Solid line through the open circles 
shows the locus of specific-heat maxima as a function of 
alternation. 
0.5 
0.4 
ID 
;;. 0.3 
' ::?: 
0.2 
0.1 
AFM Heisenberg Alt. Chains 
Various a = J2 I J1 
T=O 
1.0 
9fLaH I J 
a =O 
1.5 2.0 
FIG. 5. Zero-temperature magnetization curves for al-
ternating AFM Heisenberg chains as a function of mag-
netic field for a variety of alternation values. All curves 
are N--+ oo extrapolations. For convenience, the magnetic 
field has been normalized with an exchange parameter J 
rather than JI> where 2J =J1 +J2 • As a result all curves 
have the same upper critical field, and the behavior with 
a is more readily apparent. 
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III. LOW-FIELD PROPERTIES 
In order to fit the theoretical alternating-chain 
curves generated as described in Sec. II to experi-
mental results, we must consider values for. three 
physical parameters: alternation parameter a, ex-
change constant J, and g factors, specifically gll =.gb 
and g1 , where 11 and 1 refer to the monoclinic b axis. 
For an idea of likely values for these parameters, we 
observe the results of Ajiro et al. 17 and Diederix 
et al. 29 listed in Table I. These parameters have 
been determined by microscopic methods, namely, 
paramagnetic17 and proton29 resonance. Our values 
for the same parameters will be obtained by compar-
ison of theory and experiment for bulk thermo-
dynamic properties such as the specific heat, mag-
netic susceptibility, and magnetization. In most 
cases, the experimental data used in this analysis 
have been reported in various earlier publications to 
which the reader is referred for experimental details. 
The zero-field specific-heat measurements are the 
most convenient data set to start the fitting process. 
The magnitude of the specific-heat maximum de-
pends on a only, i.e., is independent of J and g, 
while the position in temperature of the maximum 
depends only on the exchange constant J. The first 
point of interest is to see whether the zero-field data 
are consistent with the independent alternating-
chain model, and, in particular, an alternating model 
with the same a value obtained by Diederix et al. 29 
In Fig. 6 an excellent fit of theory and the experi-
ments of Friedberg and Raquet 7 is obtained over the 
whole temperature range of -0.5-4.2 K. The posi-
tion of the maximum fixes J 1 /k at 2.58 K, in agree-
ment with the value J 1 !k - 2. 6 K of Diederix et al. 
It may be noticed that a small discrepancy of less 
than 1 % occurs in the vicinity of the maximum. 
Apparent improvement could be obtained by in-
creasing a from 0.27 to about 0.3. However, this 
would not be realistic for two reasons. First, we are 
fitting experimental data with a model which ig-
nores the very weak interchain interactions. If such 
TABLE I. Comparative table of fitting parameters. 
Ajiro et al. a Diederix et al. b This work 
a 0.27±0.02 0.27±0.01 
J1 2.6 2.60±0.02 2.58±0.02 
Kb 2.33 2.33±0.02 2.31±0.03 
g 2.07 2.09±0.02 2.11±0.03 
Kav 2.17 2.17 2.18±0.03 
"Reference 17. 
bReference 28. 
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FIG. 6. Heat capacity Cp (H =0) of Cu(N03)·2.5H20 
vs temperature. Data from Friedberg and Raquet (Refs. 
7 and 13). Theory as described in text. 
interactions could be included in the model, their ef-
fect would be to lower slightly the height of the 
theoretical specific-heat maximum. With this in 
mind, the present fit at a =0.27 should be con-
sidered completely satisfactory. A further piece of 
evidence in support of a =0.27 rather than 0.3 
comes from the location of the lower critical field 
Hc 1, which is found to occur at 28.0 kOe from the 
most sensitive experimental determination, i.e., the 
proton resonance data. The energy gap (=Hc1) re-
sulting from a =0.3 can only be fitted with a rather 
unacceptably low value of gb (see later discussion of 
g values). Hence the zero-field specific-heat data 
confirm the alternation value deduced by Diederix 
et al. and yield effectively the same value of 1 1 (to 
within experimental uncertainty). 
Next we would like to determine the g values, gb 
and g 1 . This is best done using zero-field single-
crystal susceptibility data. 5 In Fig. 7 we see the re-
sult of fitting theoretical Heisenberg antiferromag-
netic alternating-chain curves with a =0.27 and 
J 1 lk = 2. 58 K to experiment. Note that to within 
experimental accuracy, the susceptibility measured 
perpendicular to the b axis is isotropic. Thus the g 
tensor is essentially axially symmetric although the 
crystal is monoclinic. An excellent fit both in the 
helium and in the hydrogen temperature ranges re-
sults using the values gb =2.31 and g1 =2.11. 
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FIG. 7. Low-field ac (275 Hz) magnetic susceptibility 
of single-crystal Cu(N03)z·2.5H20 measured parallel and 
perpendicular to the monoclinic b axis, vs temperature. 
Data from Berger et al. (Ref. 5). Run 1, HI I b axis, run 
2, Hl b axis and l cleavage plane, run 3, Hl b axis and 11 
cleavage plane, and run 4, Hl b axis and at 45° to cleavage 
plane. Theory as described in text. 
Again, these values are consistent with those ob-
tained by resonance methods and listed in Table I. 
In Fig. 8 we show the measured5 copper nitrate 
powder susceptibility (including some new data) fit-
ted with the weighted average g value, gav =2.18. 
This value again agrees with those of Table I and 
gives an excellent fit to the powder susceptibility 
over both helium and hydrogen ranges. The specific 
heat of a powder specimen was also measured in a 
low applied field of 8.7 kOe, giving additional infor-
mation about gav· In Fig. 9 we show the data fitted 
to the alternating-chain curve with a =0.27, 
J 1/k=2.58 K, and gav =2.18. The effect of a small 
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FIG. 8. Low-field ac (275 Hz) magnetic susceptibility 
of powdered Cu(N03)z·2.5H20 vs temperature. Data 
runs 1, 2, 4, and 5 from Berger et al. (Ref. 5). Run 3 
from this work. Theory as described in text. 
magnetic field is to depress the height of the 
specific-heat maximum, and, in Fig. 9, the zero-field 
theoretical curve is shown dashed, for comparison. 
An 8% depression of the height of the maximum is 
observed. Again, an excellent fit of theory and ex-
periment is obtained at 8.7 kOe, to within experi-
mental accuracy. 
Magnetization isotherms have also been mea-
sured6 with fields up to about 40 kOe applied along 
the b axis at three temperatures: 4.18, 2.031, and 
1.278 K. These curves can also be fitted satisfac-
torily with our theoretical model and the associated 
parameters, as seen in Fig. 10. It may be observed 
that while the low-field fit is very good, the theoreti-
cal curves are on the low side at the higher fields. 
This is presumably an example of the fact that the 
alternating-chain model is better in zero field, and 
deviations are to be expected at high fields where in-
terchain effects are more apparent. We might note 
that this high-field discrepancy could be removed by 
taking account of residual interchain interactions in 
a mean-field approximation. 
The success of the independent alternating-chain 
model in reproducing the low-field bulk thermo-
dynamic properties of Cu(N03)i·2.5H20 is quite 
striking. The quantitative agreement between the 
model parameters determined in this process and 
o.s~~~~~~~~~~~~~~~~~~ /-, 
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FIG. 9. Heat capacity c, of powdered 
Cu(N03 )z·2.5H20 in an applied magnetic field H =B. 7 
kOe vs temperature. Data from Friedberg and Raquet 
(Refs. 7 and 13). Theory as described in text. 
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FIG. 10. Magnetization M of single crystal 
Cu(N03h·2.5H20 vs field H applied along b axis at 
several temperatures. Data from Myers et al. (Ref. 6). 
Theory as described in text. 
those obtained by other methods suggests that the 
intrachain interactions in Cu(N03 )2·2.5H20 are now 
rather well established, at least within the Heisen-
berg approximation. These interactions, J1 and J 2 , 
are believed to occur along superexchange pathways 
involving hydrogen bonds. One might well ask 
whether substitution of deuterium for hydrogen in 
this compound significantly alters J 1 and J2, mak-
ing copper nitrate a good system in which to study 
the interplay of hydrogen bonding and superex-
change. 
There is rather clear evidence that the effect of 
deuteration is certainly not dramatic. Neutron 
scattering studies12 on copper nitrate were actually 
performed on crystals in which about 90% of the 
protons had been replaced by deuterons. No gross 
crystallographic changes were observed. The fact 
that the values of He and He found in the neutron I 2 
work agree within experimental uncertainty with 
those observed by proton resonance on hydrated 
crystals indicates that J 1 and J 2 are not greatly al-
tered by deuteration. This is confirmed by some 
preliminary susceptibility measurements performed 
on a deuterated crystal in zero field between - 1 and 
4 K. While not very reproducible, presumably be-
cause of partial rehydration of the hygroscopic crys-
tal between successive runs, these data allow changes 
in the interaction constants with deuteration of no 
more than a few percent. Taken at face value, how-
ever, they do suggest the occurrence of a detectable 
isotope effect, further exploration of which might 
well prove rewarding. 
IV. HIGH-FIELD PROPERTIES 
As discussed in Secs. I and II, the high-field 
behavior of alternating-chain systems is novel and 
particularly interesting. There are two critical 
fields: a lower one, He 1, and an upper one, He2 • 
Long-range order can occur only with an applied 
field in the interval He < H <He . In addition, the 
I 2 
functional dependence on temperature of the ther-
modynamic properties of the ideal (independent-
chain) system varies over the field range H =0 to 
H >He in a striking way. Long-range ordering has 
2 
been observed in Cu(N03)2·2.5 H20 in fields be-
tween He 1 =28 kOe and He2=43 kOe at tempera-
tures below about 0.17 K by a variety of techniques. 
Interchain interaction is thus significant but rather 
small in comparison with J 1 and J 2• This is con-
sistent with the fact that the independent 
alternating-chain model works well in describing the 
properties of Cu(N03 )2·2.5H20 at low field. While 
we expect the model to fail in the region of the H-T 
diagram where long-range order occurs, it is in-
teresting to see to what extent characteristic features 
of the independent-chain picture are still evident as 
the phase boundary is approached from the 
paramagnetic side. 
With this in mind, it is useful to consider some 
heretofore unpublished heat-capacity data on a com-
posite specimen of coaxially aligned single crystals 
of Cu(N03)2·2.5H20 with a magnetic field applied 
along the b axis. These measurements were per-
formed in a 3He-4He dilution cryostat with a Nb-Zr 
superconducting solenoid and a calorimetric insert. 
Use of a mechanical heat switch made it possible to 
take data between -0.08 and 4.2 K by the discon-
tinuous heating method. Details of the apparatus, 
calibration of its thermometer, and the measuring 
technique· have been given elsewhere.59•60 Measure-
ments on a 3.00-g specimen in zero field, corrected 
for small addenda contributions, yielded results in 
good agreement between 0.6 and 4.2 K with the ear-
lier data 7 on a large powder sample shown in Fig. 6. 
The same addenda correction was applied to the in-
field data taken with a 5.08-g sample. The lattice 
contribution is quite small over most of the tem-
perature range. 
We limit our discussion to the heat-capacity-
temperature curves for two values of H\ \b, namely, 
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28.2 and 35.7 kOe. The lower of these fields is very 
close to the lower critical field Hc 1• The larger field 
lies between Hc 1 and Hc2 and corresponds roughly to 
the field at which Cu(N03 )2·2.5H20 exhibits long-
range order at the highest temperatures with HI lb. 
Figure 11 shows the heat capacity of 
Cu(N03 )2·2.5H20 between 0.08 and 4.4 K with 
Hb=28.2 kOe. CP exhibits rounded maxima at 0.47 
and 2.34 K and no evidence down to the lowest tem-
perature of even a small cooperative peak associated 
with long-range ordering. The solid curve, calculat-
ed for the independent alternating chain with the 
parameters determined from low-field data, is seen 
to give very satisfactory agreement with the mea-
surements. Convergence problems have limited 
these calculations to temperatures above 0.25 K. 
The dashed segment represents a reasonable extrapo-
lation to T =0. The double maximum in CP corre-
sponds to the bunching of levels of a strongly alter-
nating antiferromagnet in an applied field men-
tioned in Sec. II. The fact that there are two maxi-
ma can be understood qualitatively by imagining the 
alternation taken to the limit a =0. In that case we 
have a system of isolated dimers each wjth a singlet 
ground state separated by an energy 2 I J 1 I /k'::::f.5.2 
K from an excited triplet. In a field of 28.2 kOe the 
triplet splits, giving a first excited level -0.8 K 
above the ground state, a second at 5.2 K, and a 
third at -9.6 K. The resulting heat-capacity curve 
for a system of dimers is a Schottky anomaly with 
two fully resolved maxima at roughly the tempera-
tures found experimentally. As a is increased to 
0.27, the density of states of the alternating chain 
exhibits maxima and minima generically related to 
those of the spin pair. 
Another significant feature of Fig. 11 is the limit-
0.4 
H = 28.2 kOe II b axis 
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FIG. 11. Heat capacity Cp of composite single-crystal 
specimen of Cu(N03)z·2.5H20 vs temperature with a 
field H =28.2 kOe applied along the b axis. 
ing behavior of CP as T -+0. As indicated in Sec. II, 
Eqs. (11) and (12), theory predicts for the antifer-
romagnetic alternating chain that when H =Hc1 and 
He the heat capacity Cn a: T 112 in the low-
2 
temperature limit. The experimental data and the 
calculated theoretical curve of Fig. 11 are quite con-
sistent with such behavior at the lowest tempera-
tures to which they have been extended. In general, 
the independent-chain model gives an excellent 
description of the heat capacity of 
Cu(N03 )2·2.5H20 in a field H~ci· The max-
imum discrepancy between theory and experiment is 
about 4% and is probably attributable primarily to 
the neglect of residual interchain interactions. 
The results of measurements in an applied field 
Hb =35. 7 kOe between 0.1 and 4.6 Kare shown in 
Fig. 12(a). The data for T < 1 K are plotted on an 
expanded temperature scale in Fig. 12(b) to bring 
out more clearly the .A-like cooperative anomaly 
marking the onset of long-range order at Tc'::::f.0.16 
K. Figure 12(b) also shows the well-resolved round-
ed maximum near -0.25 K corresponding to the 
growth of substantial short-range order in the chain-
like spin arrays. Both these features of the heat 
capacity with Hb =35. 7 kOe have been previously 
reported by van Toi et al., 19 whose data were limit-
ed to T < 0. 8 K because of the use of a supercon-
ducting heat switch. In Fig. 12(a), however, we see 
that there is an additional rounded maximum at 
- 2. 6 K which is also attributable to the 
alternating-chain system in Cu(N03)2·2.5H20. 
Neglect of interchain coupling is a more drastic ap-
proximation than before, since H = 35. 7 kOe is in. 
the field range in which long-range order occurs. 
While our independent-chain model cannot account 
for the cooperative A. anomaly at Tc, it does, howev-
er, predict two rounded maxima very much like 
those found experimentally. The heavy solid curve 
in Fig. 12(a) has been calculated using, as before, the 
model parameters determined from zero-field data. 
The lower of the two maxima is observed at about 
0.25 K, in fair agreement with the theoretical result. 
It should be pointed out, however, that theoretically 
convergence is slow for this maximum, with oscilla-
tory character for N =4, 6, 8, and 10. Therefore, we 
expect the curves for N = 8 and 10 to bracket the 
limiting result for which our calculated (heavy) 
curve should be a good approximation. Theoretical-
ly we estimate CIR at the lower maximum to be 
-0.2, which is somewhat higher than the experi-
mental value of -0.167. However, it should be 
borne in mind that the ordering peak at Tc will "re-
move" entropy from the alternating-chain anomaly 
above it so that such a discrepancy is, in fact, to be 
expected. Allowing for this effect, the agreement of 
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FIG. 12. Heat capacity Cp of composite single-crystal 
specimen of Cu(N03)z·2.5H20 vs temperature with a 
field H =35. 7 kOe applied along the b axis: (a) full tem-
perature range with light curve shown to aid the eye and 
theoretical (heavy) curve as described in text; (b) expanded 
temperature scale with curve shown to aid the eye. 
the independent-chain model and experiment may be 
considered quite satisfactory at the lower maximum 
and at temperatures up to about 2.5 K. At about 2.6 
K, the experimental points pass through their upper 
maximum, while the theoretical curve does not do so 
until 3.1 K. In this region, the theoretical calcula-
tions converge rapidly, and, since the ordering tem-
perature is now relatively remote, we might expect 
better agreement with experiments than at the lower 
maximum. This does not seem to be the case even 
though one has no quantitative estimate of the effect 
of the interchain interactions in either region. We 
hesitate, however, to attach much significance to 
this apparent discrepancy, since the uncertainty in 
the experimental results may be rather large due to 
uncertainties in a number of corrections which 
should be applied to the data. Among these we may 
mention allowance for the effect of the magnetic 
field on the thermometer resistance and the addenda 
correction which becomes significant at the higher 
temperature. Furthermore, it should be noted that 
the demagnetizing field inside the composite speci-
men is difficult to estimate with reasonable accuracy 
so that we have not attempted such a correction of 
the data. Thus the internal field may not only be 
somewhat different from the applied field, but 
slightly nonuniform as well. 
Further study of the region between the two criti-
cal fields, both theoretical and experimental, would 
be desirable. For example, while the magnetic ther-
modynamic properties are expected to show the 
same functional dependence on T at both critical 
fields, asymmetry effects observable experimentally 
in, say, cooling isentropes29 and adiabatic suscepti-
bilities,29 and also in theoretical studies on alternat-
ing XY chains,61 imply that the amplitudes at Hc 1 
and Hc2 differ. An estimate of at least the ratio of 
the amplitudes might be obtained from a specific-
heat study at about 44 kOe, the upper critical field. 
V. DISCUSSION 
Copper nitrate is a novel system; an antiferromag-
netic Heisenberg strongly alternating chain whose 
magnetic characteristics are such that the entire 
phase region in T and H can conveniently be ex-
plored experimentally. We have demonstrated here 
an extraordinarily good fit between theory and an 
extensive collection of low- and high-field magnetic 
thermodynamic experiments. We have used a 
theoretical alternating-chain model with alternation 
ratio a =0.27 and exchange constant J 1 !k =2.58 
K, with gb =2.31 and g =2.11. In Table I we indi-
cate estimates of uncertainties assigned to these 
parameters. The uncertainties for a and J 1 are 
probably conservative. Small residual discrepancies 
between theory and experiment are systematically 
attributable qualitatively to weak interchain cou-
pling and make attempts to refine these estimates 
not very meaningful. The exceptional magnetic 
characterization of this system suggests its use for 
further experimental study, particularly in the vicin-
ity of the high-field ordering region between 28 and 
44 kOe. 
However, it seems fair to point out that many of 
the essential characteristics of copper nitrate were 
inferred previously from more primitive investiga-
tions. For example, a dimer model with weak anti-
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ferromagnetic interdimer interactions used to fit 
magnetization data, gave J 1/k=2.57 K and 
gb =2.35.6•14 A six-spin alternating cluster gave a 
simultaneous fit to all low-field data and magnetiza-
tion isotherms with J 1/k=2.59 K and gb=2.29. 
(However, the alternation value required was some-
what high at a =0.36.) Hence, the more sophisti-
cated theory and experiments featured herein have 
largely confirmed earlier conjectures.4•15 In particu-
lar, a prediction that the fitting parameters (J and g) 
derived from a six-spin cluster model will differ 
from those corresponding to an infinitely long sys-
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